On complex-valued solutions to a 2D eikonal equation
(1.5a) the equations appearing in (1.4b) make the gradient of u available if and only if v obeys the constraint involved and the following partial differential equation
Thus, system (1.3) is satisfied if and only if either u satisfies equation (1.5a) and v is given by (1.4a), or v satisfies v^+v^> n 2 and equation (1.6a) and u is given by (1.4b).
Equations (1.5a) and (1.6a) can be recast in the following form Observe that a set of terms, appearing on the left-hand side of equations (1.5b) and (1.6b), has a special geometric meaning. In fact, equations (1.5b) and (1.6b) read
respectively. Here hence the absolute value of h at a point (.r, y) is also the curvature at (.r, y) of the line of steepest descent of v crossing (x^y\ and the absolute value of k at a point (x^y) is also the curvature at (x^y) of the line of steepest descent of u crossing {x^y).
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2 An existence theorem. Proof, outlined. Let Observe that equation (1.5a) is exactly the Euler equation of functional Jg* However, Un need not satisfy such an equation. In fact, the following expansion
which holds for sufficiently small p, shows that Jg is not different! able at any function having critical points.
The main ingredient of the proof are statements (i)-(iii) below.
(i) If e > 0, J\ is smoothly differentiable; moreover, u^ satisfy the relevant Euler equation both in the following weak form^^^{^j^t }=0 (2..) and in the following stronger form
-in particular, u^ has locally square-integrable second-order partial derivatives.
(ii) If e > 0, u^ satisfies the following inequality
for every positive 6 -observe that the constants involved in inequality (2.5) are independent of e.
(iii) Jg converges uniformly to JQ as e[0, more precisely
Statements ( Crucially, equations (1.4) and (3.2), and hypothesis (3.1) imply that / is smooth everywhere^ even across the critical points of u. In conclusion, if iz has a critical point -the origin, say -then the critical points of iz must spread along the level line of iz which crosses the origin. D
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